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Abstract 

The operator 

A e = Digi(xi/e,x 2 )Di + D 2 g 2 {x 1 /e, x 2 )D 2 

is considered in L 2 (R 2 ), where gj(xi,x 2 ), j — 1,2, are periodic in xi with period 1, bounded and 
positive definite. Let function Q(x\,x 2 ) be bounded, positive definite and periodic in xi with period 
1. Let Q E (xi,x 2 ) = Q(xi/e,x 2 ). The behavior of the operator (A E + Q £ ) _1 as e — > is studied. It 
is proved that the operator {A e + Q 6 ) 1 tends to (A + Q )" 1 in the operator norm in L 2 (R 2 ). Here 
A is the effective operator whose coefficients depend only on x 2 , Q° is the mean value of Q in x±. 
A sharp order estimate for the norm of the difference {Ae + Q £ ) _1 - (A + Q )' 1 is obtained. The 
result is applied to homogenization of the Schrodinger operator with a singular potential periodic in 
one direction. 

1 Introduction 



1.1 Spectral approach to homogenization problems 

Homogenization problems for periodic differential operators of mathematical physics are of significant 
interest both from theoretical point of view and for applications. A broad literature is devoted to ho- 
mogenization problems. At the first place, the books [BeLPj . |Saj . [BaPaj . [ZhKOj should be mentioned. 
Consider a typical homogenization problem. Let A e be a family of operators in L2(R d ) given by 

Ae = -divg (x/e) V, e > 0. (1.1) 

Here <?(x) is a positive definite and bounded {d x d)-matrix-valued function. It is assumed that g(x) is 
periodic with respect to some lattice T C M. d . The problem is to study the behavior of the solution u e 
of the equation 

A e u e + u e = F, F e L 2 (K d ), (1.2) 
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for small e. It turns out that u e tends (in some sense) to uq as e — > 0, where uq is the solution of the 
"homogenized" equation 

A°u + u = F. (1.3) 

Here A° = — div<7°V, and g° is a constant positive matrix called the effective matrix. The operator ,4° 
is called the effective operator. The character of convergence of u £ to uq and error estimates are studied. 

A possible approach to homogenization of periodic differential operators in R d consists in application 
of the Floquet-Bloch theory combining with methods of the analytic perturbation theory. In this con- 
nection, we mention the papers [Se] , |Zhj , [CoVj . In a series of papers [BSulj , |BSu2j , |BSu3j , |BSu4j , a 
new operator-theoretic approach to homogenization problems was suggested and developed. It was also 
based on the Floquet-Bloch decomposition for a periodic operator and applying methods of the analytic 
perturbation theory. The main idea of this approach was to study a homogenization procedure as a 
spectral threshold effect at the bottom of the spectrum of a periodic elliptic operator. In particular, this 
approach allowed the authors to prove the following error estimate: 

IK - m o||l 2 (r^ < C£\\F\\l 2 (r<*), (1-4) 

see |BSulj . This estimate is order-sharp and the constant C is well controlled. Estimate (|1.4j) means 
that the resolvent (A e + I)^ 1 tends to (.4° + I) -1 in the operator L2-norm, and 

||(A + /)- 1 -(^°+-r)- 1 |U 2 ( K «)^ 2 ^) <Ce. (1.5) 

Such estimates are called "operator error estimates"; they were obtained in [BSulj for a wide class of 
matrix periodic differential operators. 

Let us briefly discuss the method of the proof of estimate (|1.5j) . By the scaling transformation, (|1.5p 
is equivalent to the estimate 

MA + e 2 !)- 1 - (A° +e 2 I)- 1 \\ Lam ^ Lam <C £ -\ (1.6) 

Here A = — divg(x)V. The bottom of the spectrum of A is the point A = 0. It is natural that the 
behavior of the resolvent (A + e 2 /) -1 can be described in terms of the threshold characteristics of A 
(i. e., the spectral characteristics at the bottom of the spectrum). Applying the Floquet-Bloch theory, 
we decompose A in the direct integral of operators A(k) acting in L2(iY). Here fl is the cell of the lattice 
r. The parameter k £ M. d is called a quasimomentum. The operator A(\t) is given by the differential 
expression (D + k)*<?(x)(D + k) with periodic boundary conditions. Estimate (|1.6[) is equivalent to the 
estimate 

UA^+e^-iA^ + ^-^^^KCe- 1 , (1.7) 

which must be uniform in k g tt. Here fl is the Brillouin zone of the dual lattice T. The main part 
of investigation is the study of the operator family *4(k) by means of the analytic perturbation theory. 
A crucial role is played by the spectral germ of the operator family .A(k) at k = 0. The spectral germ 
is a finite rank selfadjoint operator which is defined in terms of the threshold characteristics of A. It 
is possible to find a finite rank approximation for the resolvent (*4(k) + e 2 /) -1 for small e in terms of 
the spectral germ. Next, it turns out that the family „4°(k) corresponding to the effective operator has 
the same spectral germ as the family *4(k). This allows one to pass from approximation in terms of the 
germ to approximation in terms of the effective operator. 

1.2 Homogenization problems for operators periodic not in all directions 

Along with operators whose coefficients are periodic in all directions, it is interesting to study operators 
with coefficients that are periodic only in part of variables. Such problems are important for applications, 
in particular, in the theory of waveguides. In these problems, the coefficients of the effective operator 
depend on the " nonperiodic" variables, while homogenization is related to the "periodic" variables. 
Technically, the study of such problems is more difficult than the study of operators with coefficients 
that are periodic in all directions. 
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In the paper [Suj . the following elliptic operator in a strip IT = R x (0, a) was considered: 

B £ = D 1 gi(e~ 1 xx,X2)D 1 + D 2 g 2 (e~ 1 x 1 ,x 2 )D 2 . 

The coefficients gi,g 2 were assumed to be positive definite, bounded and 1-periodic in x\. Moreover, 
it was assumed that gi,g 2 are periodic Lipschitz functions with respect to x 2 . On the boundary dH, 
periodic boundary conditions were posed. It was shown that there exists an "effective operator" B° = 
D 1 g { ((x 2 )D 1 + D 2 g%(x 2 )D 2 (also with periodic boundary conditions on <9II) such that 

||(^ + /)- 1 -(B + /)- 1 || i2( n ) ^ 2 (n) <Cs. (1.8) 

As before, the scaling transformation is used and the Floquet decomposition (in x±) is applied. The 
quasimomentum k is one-dimensional. Then the problem reduces to the study of the operator family 

B(k,e) =B 1 (k)+e 2 B 2 , 

acting in L 2 (fl), where 51 = (0, 1) x (0, a). Here B\(k) is given by the expression (Di + fc) pi (x) (Dj + k) 
and B 2 = D 2 g 2 (x)D 2 ; the boundary conditions are periodic in both variables. The method of [BSulJ 
can be applied to the operator B\(k) "layerwise". This allows to introduce the spectral germ for the 
family B\{k) and to obtain approximation for B\(k) in terms of the germ. Main technical difficulties 
are related to adding the unbounded "perturbation" term eB 2 to B\{k) and approximating the operator 
{B(k,e)+e 2 I)-\ 

1.3 Main goal and main results 

In the present paper, we study an elliptic operator 

A e ^ D 1 g 1 {e' 1 x 1 ,x 2 )D 1 + D 2 g 2 {e' 1 x 1 ,x 2 )D 2 , e > 0, (1.9) 

acting in L 2 (M. 2 ). The coefficients g${x\, x 2 ), j — 1,2, are assumed to be bounded, Lipschitz in x 2 , 
positive definite and 1-periodic in x\. Next, let Q(x) be a positive definite and bounded function in E 2 . 
It is assumed that Q is 1-periodic in x\ and Lipschitz in x 2 . We denote Q £ (x) = Q(e~ 1 xi, x 2 ). 

Our main goal is to find an approximation in the operator norm in L 2 (M. 2 ) for the generalized resolvent 
(A e + Q 6 )^ 1 of the operator (fOj) . 

We construct the effective operator 

A° = D 1 g a 1 (x 2 )D 1 + D 2 g° 2 (x 2 )D 2 

with the effective coefficients depending only on x 2 (see (|2 . 10[) . (|2.1ip ). By Q°(x 2 ) we denote the mean 
value of Q(xi, x 2 ) in x\. 

The main result of the paper is the following estimate 

||(^ + Q E )- 1 -(A + Q )- 1 || L2 (R2 ) ^ La(R 2 ) <Ce. (1.10) 

By the scaling transformation, the question is reduced to the study of the operator family (A(e)+e 2 Q)~ 1 , 
where the operator 

A(s) = D 1 g 1 (x 1 ,x 2 )D 1 +e 2 D 2 g 2 (x 1 ,x 2 )D 2 (1.11) 

contains small factor e 2 standing at the second order operator D 2 g 2 D 2 . This is the main difficulty. We 
apply the Floquet-Bloch decomposition (in x\) and decompose the operator (|l.ll|l in the direct integral 
of operators 

A(k,e) = Ai(k) +e 2 A 2 , (1.12) 

acting in L 2 (Ct). Now the domain is unbounded: ft — (0, 1) x K. The operator A\(k) is given by the 
expression (D\ + k)gx(x)(Dx + k) with periodic boundary conditions on dfl, and A 2 = D 2 g 2 (x)D 2 . We 
apply method of [BSul to the operator A\(k) "layerwise" (for each fixed x 2 ), and define the spectral 
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germ of the family A\(k) at k = 0. Now the germ is not a finite rank operator. It is possible to 
approximate the part of A\(k) near the bottom of the spectrum in terms of the germ. Main difficulties 
are related to taking the term e 1 A 2 into account. 

The essential differences of the problem studied here from the problem studied before in |Suj is that 
n is unbounded domain and that we study the generalized resolvent of A £ (instead of the ordinary 
resolvent). We develop some technical tools suggested in }Suj and adapt them for the case of unbounded 
domain Q and generalized resolvent. 

Main results can be generalized for the case of arbitrary dimension without any new technical diffi- 
culties. We give formulations of the corresponding results (see Section [TO)) . In the main exposition, we 
consider the case d = 2 only for the sake of simplicity and clearness. 

Our general result can be applied to homogenization of the Schrodinger operator with a singular 
potential periodic in one direction and non-periodic in another direction; see Section [9] This operator 
arises in the model of a " soft waveguide" (the spectral properties of such operators were studied in |FK] ) . 
We emphasize that for application to the Schrodinger operator we need to study in advance a generalized 
resolvent of A e (but not the ordinary resolvent). 

1.4 Plan of exposition 

In Section [2j we give the precise statement of the problem and formulate the main result (Theorem 
I). In Section El using the scaling transformation and the Floquet-Bloch decomposition we reduce 
the problem to the study of the generalized resolvent (A(k,e) + e 2 Q)~ 1 of the operator (|1.12|) . In 
Section [H the operator family Ai(k) is studied by using method of [BSulj : the spectral germ of A\{k) 
is introduced. In Section [5l Theorem I is reduced to Theorem [4l which gives approximation of the 
operator (A(k,e) + e 2 Q)~ 1 in terms of the spectral germ. Theorem |4] is proved in Sections EHEJ this is 
technical part of the paper. Section[9]is devoted to application of Theorem[T]to homogenization problem 
for the Schrodinger operator with a singular potential periodic in one direction. Finally, in Section [TU] 
generalizations of main results for the case of arbitrary dimension are formulated. 

1.5 Notation 

Let S) and <3 be separable Hilbert spaces. The symbols (•, || • ||^ stand for the inner product and 
the norm in Sj; the symbol ||T||jj_>e denotes the norm of a bounded operator T : $) — > (5. Sometimes 
we omit the indices if this does not lead to confusion. If 91 is a subspace in fj, then its orthogonal 
complement is denoted by < Jl ± . If P is the orthogonal projection of onto Vt, then P 1 - denotes the 
orthogonal projection of fj onto f yt ± . 

By Id we denote the unit (d x d)-matrix. The symbol (•, -) C d stands for the standard inner product 
inC^. 

By H S (T)), s £ I, we denote the Sobolev spaces in a domain T> C M. d . 

2 Definition of the operators. Main results 
2.1 Statement of the problem 

Let x = (xx,x-z) G R 2 . We use the notation dj = Dj — —idj, j — 1, 2. Assume that 5j(x), j — 1, 2, 
are real-valued measurable functions in K 2 such that 

< c < 0j(x) < ci < oo, j = 1, 2, a. e. x e M 2 . (2.1) 

The functions gj{x\,X2) are assumed to be periodic in x\ with period 1: 

g 3 (x 1 + l,x 2 ) = g j (x 1 ,x 2 ), x£l 2 , j = 1,2. (2.2) 
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Suppose also that gj(x\,X2) are Lipschitz class with respect to x 2 : 

esssup|92.9j(x)| < C2 < cxo, j = 1,2. (2.3) 

x£E 2 

In the space L 2 (M. 2 ) we consider the operator A £ given formally by the differential expression ()1.9|) . 
Precisely, A £ is defined as a selfadjoint operator in L2(R 2 ) generated by the closed quadratic form 

a e [u,u]= J (31(^2) \ Dl u\ 2 +g 2 (^-,x 2 ) \D 2 u\ 2 ^j dx, u £ H 1 ^ 2 ), e > 0. (2.4) 

Let Q(x) = Q(xi, X2) be a real-valued measurable function in R 2 such that 

Q(x 1 + l,x 2 ) = Q(x 1 ,x 2 ), xel 2 , (2.5) 
< c 3 < Q(x) < c 4 < 00, a. e. x e M 2 . (2.6) 

Suppose also that Q(x) is Lipschitz class with respect to x 2 : 

esssup|c?2Q(x)| < C5 < +00. (2.7) 

xei 2 

We denote 

Q £ (x) = Q(^,x 2 ). (2.8) 
Our goal is to study the behavior of the generalized resolvent {A e + Q £ ) _1 as e — > 0. 

2.2 Main result 

We find the effective operator A of the same form as A, but with coefficients independent of x±, and 
the function Q°(x 2 ) such that 

(Ae + Q*)- 1 -> (A° + Q )- 1 ase^O, 

where convergence is understood in the operator norm in L 2 (M. 2 ). 

The effective operator A is a selfadjoint operator in L 2 (M. 2 ) generated by the quadratic form 



o°[u,«]= / (ff?(a:2)|Di«| a + s§(a:2)|I>2«| a )dx, ueff'tR 2 ). (2.9) 

Here i 

g%(x 2 ) = n g 1 (x 1 ,x 2 )- 1 dx 1 } , (2.10) 

9°( x 2) = 52(2:1, £2) efei- (2.11) 



Note that conditions (|2.ip . f|2 .3|) imply the following inequalities for the effective coefficients (|2.10p . 

< c < g°(x 2 ) < ci < +00, x 2 el, j = 1, 2, (2.12) 



2 

ci 



esssup|9 2 5i(^2)| < c 2 — , (2.13) 
x 2 m \ c oJ 

esssnp\d 2 g^(x 2 )\ < c 2 . (2.14) 

x 2 £R 

Due to conditions (|2.13p . (|2.14p . A can be given by the differential expression A = g®(x 2 )D 2 + 
D 2 gl(x 2 )D 2 on the domain H 2 {R 2 ). 
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Next, let Q°(x2) be the mean value of Q(x\, X2)'- 

Q°(x2) = I Q(x 1 ,x 2 )dx 1 . (2.15) 
Jo 



From (J276J) and (f2Jj) it follows that 

< c 3 < Q°(x 2 ) < c 4 < +00, x 2 G R, (2.16) 
ess sup \d 2 Q°(x 2 )\ < c 5 < +00. (2.17) 

TTie main result is given in the following theorem. 

Theorem 1 Suppose that conditions \2.1]) - [2~3\) are satisfied and A s is the operator in L,2(J&. 2 ) that cor- 
responds to the form {j2.4\ )- Let A be the operator corresponding to the form &2.9\) . where the coefficients 
are defined by t2.10\) . \2.11\) . Let Q(x) be a function in R 2 satisfying &2.5\) - [2~7\ ), and Q £ is defined by 
pO|) . Let Q° be defined by WJB\) . Then we have 



UA. + Q")- 1 -(A^Q^W^^L^KCe, < e < 1. (2.18) 
The constant C depends only on Cj, j — 0, 5. 

3 Reduction to operators in the strip Q 

3.1 Scaling transformation 

We denote by T e , e > 0, the unitary scaling transformation in L2(R 2 ) defined by the formula 

(T E u){x\, x 2 ) = e^u(sxi,X2), (xi,X2) G R 2 . 
Let A(e) be the operator in L2(R 2 ) generated by the quadratic form 

a{e)[u,u]= f ( gi (x)\D lU \ 2 + e 2 g2(x)\D 2 u\ 2 )dx, ueH^R 2 ). (3.1) 

We have the obvious identity 

A e = e- 2 T:A{e)T e . (3.2) 
Clearly, for the operator [Q £ ] of multiplication by the function Q £ (k), we have 

[Q e ] =T e *[Q]T e . (3.3) 

From ([22]) and $£3$ it follows that 

(A e + Q 6 )- 1 = e 2 t;{A{e) + e 2 Qy 1 T e . (3.4) 
A similar representation is true for (^4° + Q ) -1 : 

(A + Q )- 1 = e 2 T;(A°(e) + e 2 Q°)- 1 T E , (3.5) 
where A°(e) corresponds to the quadratic form 

a°(e)[u,u}= [ (g 1 (x 2 )\D 1 u\ 2 +e 2 g ^(x2)\D 2 u\ 2 )dx, ueH^R 2 ). (3.6) 



We can also define A°(e) by the differential expression g®(x2)D\ + e 2 D 2 g2 (^2)^2 on domain H 2 (M. 2 ). 

Using (|3.4[) , (|3.5[) and the fact that T e is unitary operator in L2(R 2 ), we reduce Theorem Q] to the 
following theorem. 
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Theorem 2 Suppose that conditions (2.1)) - (2lfy are satisfied. Let A(e) be the operator in L 2 (M. 2 ) that 
corresponds to the quadratic form h3.1}) . Let A (e) be the operator corresponding to the form \3. 6]) with 
coefficients defined by \2.1Q\) , \2.11]) . Let Q(x) be a function in R 2 satisfying H2.5\) - [27)\ ), and let Q°(x 2 ) 
be defined by A2.15\) . Then we have 

\\(A(e)+e 2 Q)- 1 ^(A (e)+e 2 Q r 1 \\ L2m ^ L2{m <Ce' 1 , < e < 1. (3.7) 

The constant C depends only on Cj, j = 0, ...,5. 

3.2 Direct integral decomposition for A(e) 
First, we define the Gelfand transformation U. We denote 

ft = (0,l)xR, (3.8) 

and consider the Hilbert space 

K= j ®L 2 (Cl)dk = L 2 ([-TT,7r);L 2 (n))=L 2 ([-jT,n)xil), (3.9) 

which is the direct integral with constant fibers. Initially, the operator U : ^(R 2 ) — > /C is defined on the 
functions / G Cq° (R 2 ) by the formula 

(W/)(x, k) = (27T)- 1 / 2 e- lk{xi+m) f{ Xl + m, x 2 ), x = {x u x 2 ) G ft, k G [-tt, tt). (3.10) 

Next, £Y extends by continuity to a unitary mapping of L 2 (M. 2 ) onto IC. 

In L 2 (il), we consider the operator A(k,e) generated by the quadratic form 

a(k,e)[u,u}= [ (g 1 (x)\{D 1 + k)u\ 2 + e 2 g 2 (x)\D 2 u\ 2 ) rfx, u G -ff^ft), £; G [-vr, tt), e > 0. (3.11) 
Jo 

Here by H s (ft) we denote the subspace of (ft) formed by the functions whose 1-periodic extension 
(in xi) to R 2 belongs to iJf oc (R 2 ). 

The operator A(e) is decomposed in the direct integral of operators A(k, e) with the help of the Gelfand 
transformation hi : 

UA{e)U~ x = j ®A(k,e)dk. 

J [ — 7T,7r) 

Then, for the generalized resolvent (A(e) +e 2 Q)~ 1 we have 

U{A(e) +e 2 Qy 1 U- 1 = f ®{A(k,s) + e 2 Qy 1 dk. (3.12) 
Let A°(k,e) be the operator in L 2 (il) corresponding to the quadratic form 

a°(k,e)[u,u}= [ ( 5l (x 2 )|(L>i + k)u\ 2 + e 2 g° 2 {x 2 )\D 2 u\ 2 ) dx, u G H l (Q), k G [-tt.tt), e > 0. (3.13) 

We can also define A°(k, e) by the differential expression gi(x 2 )(Di +k) 2 + E 2 D 2 g\ (x 2 )D 2 on the domain 
if 2 (ft). For A°(e) we also have the direct integral decomposition: 

UA°(e)U- 1 ^f ®A°(k,e)dk. (3.14) 

J [ — tt.tt) 
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Then, for the generalized resolvent (A°(e) + e 2 Q°) 1 we have 

U(A (e)+e 2 Q°)- 1 U- 1 = f ®{A°(k,e) +e 2 Q°)- 1 dk. (3.15) 



Using (|3.12p . (|3.15p and the fact that U is unitary transformation, we see that Theorem [2] (and then 
also Theorem [lj is a direct consequence of the following statement. 

Theorem 3 Suppose that conditions \2. l\) - ![2~3\) are satisfied. Let A(k,e) be the operator in L 2 (Q) 
generated by the quadratic form \3.11\) . Let A (k,e) be the operator in L 2 (Cl) corresponding to the form 
13.131) . where the coefficients are defined by i2.10\) . h2.11\) . Let Q(x) be a function satisfying \2.5\) - {2~7fy , 
and let Q°(x 2 ) be defined by \2.15]) . Then we have 

\\{A(k,e)+e 2 Q)- 1 ~{A°{k,e)+e 2 Q a )- 1 \\ L2{n) _ >L2{n) <Ce-\ < e < 1, fce[-7r,7r). (3.16) 

The constant C depends only on Cj,j = 0, 5. 

4 The operator pencil Ai(k) 

4.1 Definition of A\(k). Direct integral decomposition 

If we formally put e = 0, then the operator A(k, e) defined in Subsection 13.21 turns into the operator 
Ai(k) formally given by the expression (D\ + k)gi(x)(Di + k) with periodic boundary conditions on dCl. 
Precisely, A\(k) is the selfadjoint operator in £2^) generated by the quadratic form 

ai (k)[u,u}= [ 5 i(x)|(£>i +k)u\ 2 d*, (4.1) 



Domai(fc) =L 2 (K;7J 1 (0,1)) = ®H 1 (0,l)dx 2 . (4.2) 

Jm 

Here iJ x (0, 1) is the subspace of i? 1 (0, 1) formed by the functions whose 1-periodic extension to M belongs 
to ffi c (R). 

In this section we study the operator family A\(k). For this, it suffices to impose only condition (|2.1| 
with j = 1. Now it is convenient to interpret the space £2(0) as a direct integral in X2 with constant 
fibers £2(0,1): 

L 2 (Q)= { ®L 2 (0,l)dx 2 . (4.3) 



The operator A\{k) acts in the space (|4.3p "layerwise", i. e., it is the operator of multiplication by the 
operator-valued function Ai(k;x 2 ): 



Ai(k) = J ®A 1 (k;x 2 )dx 2 , (4.4) 
where A\(k,x 2 ) is the selfadjoint operator in L 2 (0, 1) generated by the form 

a 1 (k;x 2 )[u, u] = / g\{x\, a; 2 )|(£ ) i + k)u\ 2 dxi : u G F x (0, 1), x 2 e M, k £ [-n, n). (4.5) 
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4.2 The operator family Ai(k;x 2 ) 

The operator family Ai(k;x2) can be studied by the method suggested in |BSulj . This family admits a 
factorization 

A x {k; x a ) = {X(k; x 2 ))* X(k; x 2 ), (4.6) 
X(k;x 2 ) = X (x 2 ) + kX 1 (x 2 ), (4.7) 

where Xq(x 2 ) is the (closed) operator in £2(0, 1) given by the differential expression (gi(xi, x 2 ))^Di on 
the domain -ff^O, 1), and X\(x 2 ) is the bounded operator in £2(0, 1) of multiplication by the function 
(<7i(xi, x 2 )) 2 . Then the operator (|4.7p is closed on the domain -ff 1 (0, 1). Obviously, the kernel 

m = KerAi(0;a;2) = Ker X (x 2 ) = {u e L 2 (0, 1) : u =const} (4.8) 

is one-dimensional. Let do (x 2 ) be the distance from the point Ao = to the rest of the spectrum of 
Ai(0;x 2 ). Let us estimate do(x 2 ) from below. 

By (|2.1[) (with j = 1), the form (|4.5p with k = satisfies the estimate 

ax(0;x 2 )[u,u] > c [ |.Diti(a:i)| 2 da;i, ueH 1 (Q,l). (4.9) 



Using the Fourier series expansion for u S H 1 ^, 1) 

u( Xl )= Y,u m e 2 " rnx \ 

and (14. 9p . we obtain 

ai(0;x2)[u,u] > c ^ ^ 2 m 2 \u m \ 2 , u€H l (0,l). (4.10) 

meZ 

If m is orthogonal to 9t in £2(0, 1), then uo = 0, and from (|4.10|l we deduce that 

ai (0;x 2 )[u,u] >4^ 2 c || U ||| 2(0il) , ue^O.lJ.ttlJl (4.11) 

It follows that 

d (a;2) > 4tt 2 co =: do, £2 € R. (4.12) 
In accordance with |BSul| Ch.l, §1], we choose the positive number 5 such that 83 < do- We can put 

6=^. (4.13) 
4 

Next, by the upper estimate (|2.ip . we have 

||JCl(K2)|U a (0,l)-i a (0,l) ^ Hff^-'^)!^^,!) < cf, x 2 G R. (4.14) 

As in [BSul, Ch. 1, §1], we choose a number to such that to < 5' 1 1 (a^2 ) 1 1 — 1 for all x 2 G R. We put 

^-cjc" 1 - (4-15) 

Let F(k]x 2 ;a) be the spectral projection of the operator Ai(k;x 2 ) corresponding to the interval 
[0,cr]. From Proposition 1.2 of [BSull Ch. 1] it follows that 

dimF(fc; x 2 ; 5)L 2 {0, 1) = dimF(fc; x 2 ; 3J)X 2 (0, 1) = 1, \k\=t<t . (4.16) 
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It means that for |A;| < to and all x 2 G R the operator Ai(k;x 2 ) has only one eigenvalue lying in the 
interval [0, 5], while the interval (S, 35) is free of its spectrum. We put 

F{k;x 2 ) = F{k;x 2 ;5). (4.17) 

Let P be the orthogonal projection of £2(0, 1) onto the subspace 91. By Theorem 4.1 of |BSul( Ch.l], 
we have the following approximation for the operator (|4.17| : 

F(k;x 2 ) = P + t$(k;x 2 ), t = \k\ < t , x 2 G E, (4.18) 

ll*(*ja!2)|U a (o,i)-i a (o,i) - °U t< t , x 2 G K, (4.19) 

where 

d = 0x5~^ sup ||Xi(x 2 )|| < 2/Sicf c^'tt- 1 , (4.20) 

and /3i is an absolute constant. 

In accordance with [BSul] , we introduce the spectral germ S(x 2 ) of the operator family Ai(k;x 2 ). 
The germ is a selfadjoint operator acting in the space 91. In our case (i. e., for the operator of the form 
—r~g{x)-4-), the germ is calculated explicitly (see |BSul|, Ch.5, §1]). The operator S{x 2 ) is multiplication 
by the number g®(x 2 ), defined by (|2.10[) . 

By Theorem 4.3 of [BSuli Ch.l], we have the following approximation for the operator Ax(k; x 2 )F(k; x 2 ): 

A 1 {k;x 2 )F{k;x 2 )^t 2 S(x 2 )P + t i ^{k;x 2 ), t = \k\ < t , x 2 G R, (4.21) 
^)||l 2 (o,i)^l 2 (o,i) < t< t , x 2 e K, (4.22) 

where 

C 2 = /3 2 <H sup N^Ti (^2) || 3 < 2/3 2 7r- 1 cf Cq 5 , (4.23) 
and /3 2 is an absolute constant. 

4.3 The spectral germ of the operator family Ai(k) 

We return to the family (|4.4|) acting in L 2 (Q). From (|4.4|) and (|4.16j) it follows that the interval (6, 36) is 
free of the spectrum of Ai(k), if |fe| < t . By flS} and ig^J, we have Ai(fc) = X(fc)*X(fc), where X(fc) = 
J R ©X(/c;a; 2 )da;2- Then, by ijiTf]) . X(k) = X Q + kX x , X = J R ®X (x 2 )dx 2 , X x = J R ®X 1 (x 2 )dx 2 . 

Clearly, Xo is the operator in L 2 (0) given by (gi(x))2 D\ on the domain (|4.2[) . and Xi is the bounded 
operator in L 2 (Q) of multiplication by the function (171(0;)) 2 . 

For the operator A\ (0) with /c = we have 

91 = KerAi(O) = KcrX = {u e L 2 (H) : u = u(x 2 )}- (4.24) 

Thus, the kernel 01 consists of functions in L 2 (f2) depending only on the second variable x 2 . It can be 
identified with L 2 (K). Obviously, we can write 



91= / ®Wdx 2 . (4.25) 
Also, the orthogonal projection P of L 2 (f2) onto 91 can be represented as the direct integral 

)Pdx 2 . (4.26) 
Now, we consider the operator S in 01 which is the direct integral of S(x 2 ): 

5 d = / ®S(x 2 )dx 2 . (4.27) 
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Then S is the operator in 91 = L 2 (M) of multiplication by the function g®{x2)- The operator S is called 
the spectral germ of A\{k). 

Let F(k) denote the spectral projection of the operator A\{k) corresponding to the interval [0,S\. 
Since Ai(k) is represented as the direct integral (|4.4|) , we have 



F(k) = / ®F{k-x 2 )dx 2 . (4.28) 

JR 

From (|4~T8]) . (|4~26f and (|4~28]l it follows that 

F{k) = P + t<Z>(k), t=\k\<to, (4.29) 

$(fc) = / ©$(£;; x 2 )cfe 2 . (4.30) 

JR 

Similarly, relations (jOJ), P~2"T]) , (|4T2"o]) - P~2"g|) imply that 

Ai(A:)F(fc) =t 2 S'P + t 3 *(/c), i=|fc|<t , (4.31) 

*(fr) = f ®^(k;x 2 )dx 2 . (4.32) 

JR 

By P~Ti?|) and P~2"2")l . the operators P~30]) and P~32")) satisfy the estimates 

ll*(*)IU a (OHMn) < Ci, i=|*|<* , (4.33) 

ll*(fc)IU a (n)^L 2 (n) <C 2 , t=\k\<t . (4.34) 

5 Approximation for the generalized resolvent of A (k, e) 
5.1 Approximation in terms of the operator S(k,e) 

Now we return to the operator family A(k,e) introduced in Subsection 13.21 Our goal is to approximate 
the generalized resolvent (A(k,e) + e 2 Q)~ 1 . 

In the space 91 = L 2 (M.) (see (|4.24[0 . we consider the quadratic form 

s(k,e)[u,iJ\ = I {gl{x 2 )k 2 \uj{x 2 )\ 2 +e 2 gl{x 2 )\D 2 u{x 2 )\ 2 )dx 2l k e [-tt, tt), e > 0, (5.1) 



Doms(fc,e) = ff x (M). (5.2) 
The selfadjoint operator in L 2 (R) corresponding to this form is denoted by S(k,e). Clearly, under 
conditions (|2.12p . (|2.14p . the operator S(k,e) is given by the differential expression 

S(k, e) = gl{x 2 )k 2 + e 2 D 2 g°(x 2 )D 2 , (5.3) 

on the domain 

DamS(k,e) = iJ 2 (R). (5.4) 

Note that the first summand in (|5.3|) corresponds to t 2 S. 

The key role in the proof of Theorem is played by the following theorem, which gives an approxi- 
mation for the generalized resolvent of A(k, e) in terms of the operator S(k,e). 

Theorem 4 Suppose that conditions 12. l)) ~ ^2~3j) are satisfied. Let A(k,s) be the operator in L 2 {Vt) 
generated by the quadratic form \3.11\) . Let S{k 1 e) be the operator in 91 defined by H5.3\) . |5.^[ ), where 
the coefficients are defined by \2.10}) . S2.ll)) . Let Q(x) be a function satisfying S2.5\) - [277\ ) and let Q°(x 2 ) 
be defined by \2.15\) . Let P be the orthogonal projection of L 2 (fl) onto the subspace {^.21$ . Then we 
have 

\\{A{k,e)+e 2 Q)- 1 ~{S{k,e)+e 2 Q°)- 1 P\\ L2{n) ^ L2{n) <Ce-\ \k\<t Q , < e < 1. (5.5) 
The number t is defined by \4-.15ty . The constant C depends only on Cj, j — 0, 5. 
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5.2 Deduction of Theorem [3] from Theorem [4] 

Let A°(k,e) be the operator in £2^) corresponding to the form (13 . 1 3[) . For A°(k,e), we define the 
operator S°(k, e) by the same rule as for A(k, e). Clearly, S°(k, e) = S(k, e). Applying Theorem|4]to the 
operator (A°(k, e) + e 2 Q°)~ 1 , we obtain 

\\(A (k,e)+e 2 Q°)- 1 -(S(k,e)+e 2 Q Q )- 1 P\\ L2m ^ L2m <C' £ -\ \k\<t , < e < 1. (5.6) 

Since the coefficients 9j(x2), j = 1,2, satisfy estimates (|2.12p with the same constants Co and c\ as in 
(|2.1|) , the number to in (|5.5|) and (|5.6[) is one and the same (see (|4.15[) V Also, using the statement of 
Theorem [4] concerning the constant C and (|2. 13|) , (|2. 14[) , we see that C is controlled in terms of the 
constants Cj,j = 0, 5. 

Combining (|5.5[1 and ()5.6|) . we have 

||(A(fc,e)+ £ 2 g)- 1 -(A (fc,e)+£ 2 g )- 1 || L2(n) ^ i2(o) ^(C + COe- 1 , < to, < e < 1. (5.7) 

So, we have obtained the required estimate (|3.16p for \k\ < to. 

If k G [— 7r, 7r) and |fc| > to, the estimates are trivial: both terms in (|3.16[) are estimated by constants. 
Indeed, by and (|3lTj) . 

a(fe,£)[it,it] > co / (|(L>i + fc)u| 2 + e 2 |D 2 ti| 2 )dx, uefl^fl), fce[-7r,7r), e > 0. 
Jo 

Using the Fourier series expansion (in variable X\) for u G H (0): 

u(n,a:a)= £ M^e 27 ™ 
m e z 

we obtain 

a(k,e)[u,u}> c Q ^2(2nm + k) 2 \u m (x 2 )\ 2 dx 2 , u e H^fl), k e [-tt,tt), e > 0. (5.8) 

If fc G [-7T, -t ) U (to, ti"), then |27rm + fc| > t , m G Z. Then (]5.8[) implies that 

a(fc,e)[u,u] > co*o||u||| 3(n)) uel 1 ^). G [-tt, -t ) U (t , tt), e > 0. (5.9) 

Consequently, 

A(k, e) > c tll, G [-7T, -t ) U (t ,7r), e > 0, (5.10) 

and 

\\(A(k,e) + e 2 Qy 1 \\ L2m ^L 2 (n) < %% 2 , k G [-tt, -to) U (t Q ,ir), e > 0. (5.11) 
The same estimate is true for (A°(k,e) + e 2 Q )^ 1 . Hence, 

\\(A(k,e)+e 2 Q)- 1 ~(A (k,e)+e 2 Q )- 1 \\ L2m ^L 2{ n)<2c 1 t 2 , k G [-tt, -t )u(t , tt), e > 0. (5.12) 

From ([5J]) and ([5T2]) it follows that ([3~T6]) is valid with the constant C = max{C* + C', 2c Hq 2 }. 
Theorem |4] will be proved in Sections [6l [3 [3 The proof needs some technical preparations. 

6 Preliminary estimates 

6.1 Estimates for generalized resolvents of the operators A(k,e), Ai(k) and 
S{k,e). 

Lemma 5 We have 

\\(A{k,e)+e 2 Q)- 1 \\ L2m ^ L2{n) < {c k 2 + c 3 e 2 )-\ fce[-7r,7r), e > 0, (6.1) 
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\\(A 1 (k)+e 2 Q)- 1 \\ L2{n) ^ L2m < (c k 2 + c 3 e 2 )'\ k E [-tt, tt), £ > 0, (6.2) 

||(5(fc,e)+£ 2 g )- 1 P|| i2(o) ^ L2(a) < (co^+cge 2 )- 1 , fce[-7r,7r), e>0. (6.3) 

Proof. From ([5^8]) it follows that 

a{k,e)[u,u] > cofc 2 ||u||| 2(n) , u G iT^O), fc G [-• 7r,7r), £ > 0. (6.4) 

Combining this with the lower estimate l|2.6p . we see that 

a(k,e)[u,u]+e 2 Q(x)|w| 2 dx > (c k 2 + c 3 e 2 )\\u\\ 2 L , n) , u G H 1 ^), k G [— tt, tt), e > 0, (6.5) 
Jo 

which implies (|6.1j) . 

From (|2~T|) and P~T|) it follows that 

ai(fc)[u,u] > c / |(.Di + fc)w| 2 cZx, u G .ff^fi), A; G [-tt, tt), £ > 0. (6.6) 
Jq 

Hence, similarly to (|5.8|) . 

ai(fe)[«,u] > c k 2 \\u\\ 2 L2{n) , u G H\n), k G [-tt.tt), e > 0. (6.7) 
Relations (|6.7[) and (|2.6[) imply that 

ai (k)[u,u}+e 2 g(x)|u| 2 dx> (c fc 2 + c 3 e 2 )||u||| 2(n) , u € £^(0), fc e [-tt, tt), e > 0. (6.8) 
Jn 

This yields (|6~2| . 

Finally, by (JSHJ) and (gZTJ) , 

s(fc,e)[w,w] >c J {k 2 \uj{x 2 )\ 2 + e 2 \D 2 uj{x 2 )\ 2 )dx 2 > (6.9) 
> c fc 2 |M| 2 2(R) , u G ff^R), fc G [-tt, tt), £ > 0. 
From ([6~9]) and (f2TT6|) it follows that 

s(fc,£)[w,w]+£ 2 / Q°{x 2 )\Lu\ 2 dx 2 > {c k 2 + c 3 e 2 )\\uj\\ 2 ): lu e H\R) 7 ke[-n,w), e > 0, (6.10) 

which implies (|6.3p . ■ 
Lemma 6 VFe /iai>e 

||( J D 1 + fc)(A(fc, £ )+£ 2 g)-^|| i2(f , ) _ i2(n) <c^, fcG [-tt.tt), £>0, (6.11) 

\\eD 2 (A{k,e)+e 2 Q)-?\\ L2 (n ) ^L 2 (n)<c~ K k E [-tt, tt), e > 0, (6.12) 

IKA + fc)^)-^^^) fcG [-7r,7r), fc^O, (6.13) 

|| £ ^ 2 (5(fc, e )+£ 2 Q )-5P|| i2(n) ^ i2(o) < c ~^ fcG [_^ ;7r ). ( 6 .i4) 
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Proof. By JUT) and (|3?TT|) . we obtain 

Co I {\{D x +k)u\ 2 + e 2 \D 2 u\ 2 ) dx < a(k, e)[u 7 u] + e 2 [ Q{x)\u\ 2 dx = (6.15) 
Jn Jn 

= \\{A{k,e)+e 2 Q)^u\\ 2 L2{n) , ueH 1 ^), k e [-tt, tt), e > 0. 

Substituting u = (A(fc, e) + £ 2 Q)^3v, w e L 2 (fi), in (flTTS]) , we derive (jBTTTj) and ((6TT2|) . 
Similarly, ()6.6p implies (|6.13j) . Finally, (|6. 14|) follows from the estimate 

c f {k 2 \uo\ 2 +e 2 \D 2 Lo\ 2 )dx 2 <s{k,e)[Lo,Lo]+e 2 [ Q° {x 2 )\lu\ 2 dx 2 = 

JR J«. 

= \\(S(k,e)+e 2 Q°)^\\ 2 L2{m , ujeH\R), fce[-7r,7r), e > 0, 

see (HU). ■ 

6.2 Estimates for generalized resolvents multiplied by projections 

Recall that F(k) denotes the spectral projection of the operator A\{k) for the interval [0, 6], and P 
denotes the orthogonal projection of L 2 (tt) onto the subspace 01 of functions depending only on x 2 . 

Lemma 7 Let t = \k\ <t ,e> 0. Then 

||^(fc) ± (A(fc, £ )+ e 2 g)-5|| L2(0) ^ L2(0) = \\{A{k 1 e)+e 2 Q)-^F{k)^\\ L2m ^ L2m < <H, (6.16) 

\\(A(k l£ ) + e 2 Q)-^ P ± \\ L2(n) ^ L2(n) <C 3 :=S-^+C lC -\ (6.17) 
WFik^iSik^) + e 2 Q )-^ P\\ L2m ^L 2 (n) < C A := C lC -\ (6.18) 
Proof. By flXTTj) . g3]) and (M]), we have 

ai(fc)[u, u] + £ 2 c 3 ||u|| 2 2(n) < a(k,e)[u,u] + s 2 (Qu,u) L2 ^, ueH 1 ^), fce[-7r,7r), £ > 0. 
Hence, we get: 

\\{A 1 {k)+e 2 c z I)^{A{k,e)+e 2 Q)-^\\ L2{n) ^ L2(n) < 1, fc€[-7r,7r), £ > 0. (6.19) 

Therefore, 

WFW^Aik, e)+e 2 Q)-^\\ L2{n) ^L 2 (n) < 

< \\F(k) ± (A 1 (k) + e 2 c 3 I)-i\\ L2{a ^ L2{n) \\(At{k) + e 2 c 3 I)HA(k, s) + e 2 Q)-^\\ < 

< WFW^Aiik) +e 2 c 3 I)-i |U 2(n) ^ 2( o) < 5-1, 
which implies (|6. 16[) . 

To prove f6~P7|) . we use (g^Sl), which gives P 1 - = F(k) ± + i$(fc), and P~35|) . Then, by ([dTToT) and 
(EH), we get 

||(^l(fc, £ ) + £ 2 Q)-i J P^|U 2(f , ) _ i2(f2) - + e 2 Q)-i( J P(fc)^ +£ ( E>(fc))|| < 

< <H + Cii(c i 2 + c 3 e 2 )-3 < j-4 + dc * = C 3 , i = 1*1 < to, £ > 0. 

Finally, note that P ± {S(k,e) +s 2 Q°)-^P = 0. Then, by (|4T29"]) . ^(fc)- 1 = - t$(fc), and from 
(|4~33]) and ([673]) we obtain 

\\F(k) x (S(k, e)+e 2 Q r^P\\ L2(n) ^L 2{ n) = \\t${k){S(k, e) + e 2 Q°y^P\\ < 

< Cit(e t 2 + c 3 e 2 y? < dc * = C* 4 , t = |fc| < to, e > 0. ■ 
Lemma [7] together with Lemma [5] imply the following corollary. 
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Corollary 8 Let t = \k\ < t Q , e > 0. Then 

KAik.e) + e 2 Q)- 1 P ± \\ L2{ n ) ^L 2 (n) < C z c~ h e~\ (6.20) 

\\F(k) x (S(k, s) + e 2 Q ) _1 P||i 2 (n)-i, 2 (n) < V 1 . (6.21) 
Indeed, (|oT2T))) follows from (frTTj) and (|5T7|) . while (|6~2Tj) is a consequence of (jOl) and 1(635]) . 

6.3 One more reduction 

Now we represent the operator under the norm sign in (|5.5[) as 

(A(k, e) + £ 2 Q) _1 - (S(k, e) + e^ ) -1 ^ = (6.22) 
= (A(k, e) + e 2 Q)- 1 P ± - F(A:) ± (5(fc, e) + e 2 Q°)- 1 P + J(k, e), 

where 

J(k, e) := (A(k, e) + e 2 Q)- 1 P - F(k)(S(k, e) + e 2 Q y 1 P. (6.23) 

Estimates (|6.20[) . (|6.21[) and identity (|6.22|) show that Theorem [4] is a direct consequence of the following 
proposition. 

Proposition 9 Suppose that conditions of Theorem^ are satisfied. Let J(k^e) be the operator defined 
by fOgp . Then 

\\J(k,£)\\L 2 (n)^L 2 (n)<Ce-\ \k\ < t Q , < e < 1. (6.24) 
TTie constant C depends only on Cj, j — 0, 5. 

Clearly, the constant C in (|5.5p is given by C = (C 3 + C 4 )c~ 1/2 + C. Proposition M (and Theoremg] 
with it) will be proved in Section [8] 

7 Estimates for commutators 

For the proof of Proposition [5J we need estimates for the commutators of the operator D 2 with the 
generalized resolvent of A(k,e) and with the projection F(k). 

7.1 The commutator of D 2 and (A(k, e) + £ 2 C?) _1 

The following fact can be proved by analogy with the proof of Theorem 8.8 in |GTj . 

Lemma 10 Suppose that g 3 :(x), j — 1, 2, satisfy conditions of the form H2.1\) and 12. 3\) intt = (0, 1) x ffi. 
Suppose that Q(x) satisfies conditions of the form \2. 6\) and \2.1^ in il. Let u £ H 1 ^) be a (weak) 
solution of the equation 

(£>i + %i(x)(£>i + fc)« + e 2 D 2 g 2 (x)D 2 u + e 2 Q(x)u = /(x), (7.1) 

where f G L2(f2), which means that u satisfies the identity 

J (gi(x)(Di + k)u{D x + k)w + e 2 g 2 (yi)D 2 uLhw + e 2 Q{x)uw^j dx = J fwdx, Vw E H 1 ^). (7.2) 

Then 

D 2 ueH\n). (7.3) 

Let us prove the following lemma. 
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Lemma 11 Let \k\ < to, e > 0. The operator 

Jfi(*,e) :=clos[(A(fc,e)+e 2 Q)- 1 ,^ 2 ] (7.4) 
is bounded in L 2 {0,), and satisfies the estimate 

\\K 1 (k,e)P ± \\ L2{n) ^ L2{n) = \\P ± K 1 (k,e)\\ Lain) ^ (a) <C 6 (c k 2 + c 3 e i )-i, (7.5) 
where the constant C5 is defined below in |7.ff| ] and depends only on Co, ci, 02,03,05. 

Proof. Let w, u £ iP(f2) be such that D 2 u, D 2 v £ H 1 ^). Then we have 

a{k,e)[D 2 u,v] + e 2 (QD 2 u, v)l 2 (q) - a(fc, e) [«, D 2 v] - e 2 {Qu, D 2 v) l ^q) = (7.6) 
= J ( ff i(x)((Di + k)D 2 u){D l + k)v + e 2 g 2 {x)D 2 2 uTh^j dx- 

- [ (fli(x)(£>i + fe)u((I>i + A:)Z) 2 t>) + e 2 ff2 (x)C 2 uZ)J^) dx + e 2 / Q(x) ((L> 2 u)w - dx 
v 7 Jn 

= - J ((L> 2 .9i)(x)(L>i + + k)v + e 2 {D 2 g 2 ){x)D 2 uTh^j dx ~ e 2 J {D 2 Q){x)uv dx. 

Here we have integrated by parts in direction x 2 . Now we put 

u= {A(k,e)+e 2 Q)- 1 p, v = (A(k, e) + £ 2 Q)~V, ¥>^eL 2 (fi). (7.7) 

By Lemma HUl we have u, v £ H 1 ^), D 2 u,D 2 v E i/ 1 (f2). 
Then from (17.61) we obtain 



(D 2 (A(k,e) + e 2 Q)- V, V0i a («) - £> 2 (^(fe, e) + £ 2 QrV)L 2 (n) = 

(P> 2 <7i)(x) ((P>i + fc)(A(fr, e) + e 2 Q)" V) ((A + fc)(4(fc, i) + ^Q)" 1 ^) dx- 

e 2 (D 2 g 2 )(x) (D 2 (A(k,e)+e 2 Q)- 1 ^) (o 2 {A{k, e) + e 2 Q)~ v) dx- 
(D 2 Q)(x) ((A(fc,e) +e 2 Q)-V) ((A(fc,e)+£ 2 Q)-V) 



O. 

2 



~ / 6 

It follows that 

Ki(k, e) = -{{Dx + k){A{k, e) + e 2 Q)~ 1 )*[D 2 g 1 ] {{D, + k)(A(k, e) + e 2 Qy 1 ) - (7.8) 

- {sD 2 {A{k, e) + e 2 Q)- 1 y{D 2 g 2 ](eD 2 (A(k, e) + e 2 Q)- 1 )- 

- e 2 {A{k,s)+e 2 Q)- 1 [D 2 Q]{A{k,e)+e 2 Qy 1 . 

By (1231), Jill), fO]) . (f6~TTj) and f6T2|) . the operator on the right is bounded in L 2 {fi). 
Next, from ([2J3]) . (ffTji . (|6~T|) . (|6TTT1l . (JSHj), (|6~T7j) and (JL8|) it follows that 

[[i^i(fc,e)P ± IU 2( n)^z, 2 (n) < 

< 11(1?! + k){A{k, e) + e 2 Q)- L i\\ 2 L2in) ^ L2in) \\{A{k, e) + £ 2 Q)^ |U 2( n)^L 2 (n) x 
x \\D 2 g 1 \\ L J\(A(k,e)+e 2 Qyip ± \\ L2m ^ L2{n) + 
+ \\eD 2 {A(k,e) + e 2 Q)-^\\ 2 L2{n) ^ L2{n} \\{A{k 1 e) + e 2 Q)-^\\ L2[n) ^ L2[n) x 



x \\D 2 g 2 \\ L J\(A(k 1 e)+e 2 Q)-^P ± \\ L2m ^ L2inr 
=•211/ Aru ^ _i_ -2/r\-iiit 11 n_mu 11 /■ ^i. ^ _i_ =-2, 



< 



+ e 2 ||(A(fc, £ ) + £ 2 Q)- 1 ||J 2(n) ^ L2(n) p2Q||L 00 ||(A(fc, e ) + £ 2 Q)-^P^|| i2( ^ ) ^ L2( ^ ) 
7 3 +e 2 (c fc 2 + c 3 £ 2 )"2 C5 C 3 , 

C 5 = 2c - 1 c 2 C3 + c^esCs. ■ (7.9) 



< 2c 1 {c k 2 + c 3 e 2 ) ic 2 C 3 +e 2 (c k 2 + c 3 s 2 ) ^c 5 C 3 
which implies (|7.5p with 
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7.2 The commutator of D 2 and F(k) 

In order to calculate the commutator [D 2 , F(k)], we represent the spectral projection F(k) as the integral 
of the resolvent (A±(k) — zl)^ 1 over the contour Ts that envelopes the real interval [0,5] equidistantly 
with distance S. Recall that, for \k\ < to, the interval (S, 35) is free of the spectrum of Ai(k); therefore, 

UA^-ziy'U^^n^S- 1 , \k\<t , zeT s . (7.10) 

We have the following representation 

F(k) = -^- [ {A x {k)- ziy x dz. (7.11) 



2tt« _ „ 

Lemma 12 Let t = \k\ < <o a?l ^ e > 0. Then the operator 

K 2 (k) :=clos[D 2 ,F(fc)] (7.12) 

«s bounded in L 2 (Q), and 

||if2(fe)|U 2( n)^ 2 (n) < Ce, (7.13) 

||/i 2 (fc)F(fc)|| i2(n) ^ L2a2) <C 7 t, (7.14) 

where the constants Cq and C7 are defined below in and J7.i?7| ) respectively. These constants 

depend only on c a ,Ci,c 2 . 

Proof. We start with calculating the operator 

K 3 (k,z) :=clos[D 2 ,(A 1 (k)-zI)- 1 }. (7.15) 

Suppose that functions u,v G Doma^i;) are such that D 2 u,D 2 v G Domai(fc). Then 

ax(k)[D 2 u,v] - z{D 2 u,v) L2 (u) - a 1 (k)[u,D 2 v] + z(u, L> 2 w)l 2 (o) = (7-16) 



5l(x)((Z> 1 + k)D 2 u){D 1 + k)v - ji(x)((Di + *)u)(Di + fc)D 2 i> ) dx- 

z / (uD 2 v — {D 2 u)vj dx = 
Jn 



(D 2 g 1 )(x)((D 1 + k)u)(D 1 +k)vdx. 

We have integrated by parts in direction x 2 . We put u = {Ax(k) — zl)^ 1 ^, v = (Ai(k) — zl)^ 1 -^, 
where ip, ij} € Cq°(0). Here C^°(0) is a class of infinitely smooth functions in Q, periodic in x\ (which 
means that 1-periodic extension of them to K 2 is C°° in R 2 ) and equal to zero for large \x 2 \- By using 
(|2.3p . it is easily seen that u and v satisfy the required conditions. Then from (|7.16p we obtain for all 

<p,1>ec§r(n): 

(D 2 (A 1 (k)-zI)- 1 ip,xp) L2m -( i p,D 2 (A 1 (k)-zI)- 1 ip) L2{n) = 



(D2Si)(x) ((A + fc)(Ai(A) - «/)~V) ((A + fc)(^i(fc) - «J)-^) dx. 



Since C^°(fi) is dense in L 2 (S1), it follows that 

K 3 (k, z) = -((£»! + fc)(Ax(fc) - 2 /)- 1 )*[£) 2fll ]((D 1 + fc)(Ax(fc) - z/)- 1 ). (7.17) 
Then, by (13]) and (6J3j) . we have 

||#3(Mlk(n)^ 2 (n) < ll^ilU. IKA + fc)0M*) - ^rlL^^n) < 



< 
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Next, for |fe| < to we have: 

||^i (A^k) - zl)- 1 ^^^ < max{A5 |A - z\^ : A G [0, 6} U [35, oo), z G T s } =: c(<5). (7.18) 
Hence, 

\\K 3 (k,z)\\ Lzm ^ L2m < czc^ciS) 2 , z G T s , \k\ < t . (7.19) 
Now, from [frTTT]) . (|7T2l) and ([7715]) it follows that 

K 2 (k) = ~^- ( K 3 (k,z)dz. (7.20) 

Combining (|7.19|) with (|7.20p . we obtain 

ll^ 2 (fc)||L 2 (0)^L 2 (0) < (26 + 2^)(2^)- 1 c 2 c 1 c( ( 5) 2 =: C 6 , |fc| < t , (7.21) 

which proves (|7.13[) . 

Next, by (I7T71) . (1231) . (OBI) . (17151) . (1711)1) . we have 

||K 3 (fc,z)F(fc)|| L2(n) ^ i2(0) < (7.22) 

< ||I>20i||lJ|(I>i + - z/r 1 |U 2 (fiH.L 2 (fi)X 

x + fc)(Ax(fc) - ^"^(fcJIli,^)^^) < 

< 0211(1?! + fc)A 1 (fc)-5|j2 2(0) ^ L2W ||A 1 (fc)^(A 1 (fc)-z/)- 1 || L2(0) ^ L2(0) x 

(0)11^(^)^^)11 

L 2 (fi)^L 2 (S~2) 

< c 2 c - 1 c(5)5- 1 ||A 1 (fc)ii^(fc)|| i2(f , ) _ i2(o) , |fc| < t , z G r 4 . 
Recalling (|4.31[) and (|4.34[1 . we obtain 

||Ai(fc)^(fc)«|[i a(n) = (Ai(A)F(*)«,«) La( n) = ((t 2 SP + t 3 *(fc)K«)L 2 (Q) < (7.23) 
< (t 2 ||S|h^n + C 2 t 3 )|M|| 2(0) , t = |*|<*o. 
Since 5 is the operator of multiplication by the function ^(a^), by Ij2.12p . we have 

\\S\\ m ^ m < a. (7.24) 

From (f7T2"3"l) and (17T2"4]) it follows that 

\\A 1 {k^F{k)\\ L2m ^ L2{n) <t(c 1 + C 2 t )K t=\k\<t . (7.25) 
Combining (j7.22p and (17.25p . we arrive at the estimate 

\\K 3 (k, z)F(k)\\ L2in) _ tL2{n) < c 2 Co 1 c(S)S- x (c 1 + C 2 t )h, t=\k\< to, z G r 4 . (7.26) 
Finally, from (f?T2"6")) and (f7T2"0)) we obtain ([7TT3|) with the constant 

C 7 = (2(5 + 27r ( 5)(27r)~ 1 c 2 c- 1 c(5)5- 1 (c 1 +C 2 t )i ■ (7.27) 

In the sequel, we shall need the following statement. 
Lemma 13 We have 

F{k)H x {n) c if x (fi). (7.28) 
Proof. Let tt G iF^fi). Then, obviously, u G Domoi(fc) = ^9^(0, l)cfa; 2 . 

Since F(/c) Domai(fc) C Domoi(A), then F(k)u G Domai(fc). This means that F(k)u G L 2 (f2), 
Di(F(k)u) G i 2 (ri) and F(k)u satisfies periodic boundary conditions on Next, 

D 2 (F{k)u) = F(k)D 2 u + [D a , F(*)]u G L 2 (0), 

because D 2 u G £ 2 (^) and the operators F(fc) and [D 2 ,F(fc)] are bounded in L 2 (il) (see Lemma [T2l . It 
follows that F(k)u G ff^Q). ■ 
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8 Proof of Proposition [9] 

8.1 Abstract lemma 

For the study of the operator (|6.23p . we wish to apply the identity 

J{k, e) = (A(k, e) + e 2 Q)-\S(k, e)P + e 2 Q°P - A(k, e)F(k) - e 2 QF(k))(S(k, e) + e 2 Q°)- 1 P. (8.1) 

However, the operator in the central brackets makes no sense. In order to obtain a precise version of 
(|8.ip . we need the following statement of abstract nature (see Lemma 7.1 in |Su ). 

Lemma 14 Let t\ and t2 be two closed and densely defined sesquilinear forms in a separable Hilbert 
space Sj. Suppose that both quadratic forms ti[u,u] and t2[u,u] are positive definite. Let T\ and T2 be 
the self adjoint operators in Sj corresponding to the forms t\ and t2 respectively. Let V and Q be some 
orthogonal projections in f) . Let the following conditions be satisfied: 

1°. D := Domti C Domt 2 ; 

2°. 7>Domt 2 C Domti,- 

3°. QO C t>; 

4° . V commutes with T2 ; 

5° . the following representation holds 

ia[Pu,v]-ti[Qu,v] = (Gou,Gv)e, u,ved, (8.2) 

where Go, G : — > (5 are densely defined linear operators acting from 9j to some separable Hilbert space 
©. Moreover, d C DomGo, C DomG, and the operators 

GTf 1 : Sj -> 0, GqT^P : Sj -> © 

are bounded. Then we have 

T{ l V - QT^V = {GT{ x )*{G Q T^ l V). (8.3) 

Let |fc| < to 7 £ > 0. We shall apply Lemma [T4l with 

Sj = L 2 (Q), V = P, Q = F(k), 
ii[u,v] = a(k,e)[u,v] + e 2 (Qu, v) La (n), 
t 2 [u,v] = s(k 1 e)[Pu,Pv]+e 2 {Q°u,v) L2{n) , 

d = H 1 (fl) and Domt2 = {ueL 2 (fl):PueH 1 (R)}. 

Obviously, conditions 1°, 2° and 4° are satisfied. Condition 3° is also satisfied, by Lemma [T31 
Let us check condition 5°. The left-hand side of (|8.2[) takes the form 

X[u, v] := s(k, e)[Pu, Pv] + e 2 (Q°Pu, v) L2{n) - a(k, e)[F(k)u, v] - e 2 (QF(k)u, v) L2{n) = (8.4) 
= 2i [u, v] + 2 2 [u, v] + 1 3 [u, v] , 

where, in accordance with l|3.1ip . (|4.1[) and (|5.1I) . 

Xi[u,v] =e 2 (Q°Pu-QF(k)u,v) L2(n) , (8.5) 
X 2 [u,v] =t 2 {SPu,Pv) L2{n) -ai(k)[F(k)u,v], (8.6) 
X 3 [u,v] = (g 2 ) eD 2 Pu,eD 2 Pv) L2m - {g 2 eD 2 F(k)u,eD 2 v) L2m . (8.7) 



19 



8.2 The form T\ 

We represent the form (|8.5p as 



li[u,v] =l[[u,v] +I"[u,v], (8.8) 

where 

l[[u, v] = e 2 ((Q° - Q)Pu, «) L2( o), (8.9) 

v] = e 2 (Q(P - F(k))u,v) Lm . (8.10) 

We have 

l[[u,v] =e 2 (Q°Pu,Pv) L2m -e 2 {QPu,Pv) L2{n) - e 2 {QPu,P^v) L2{n) = (8.11) 
= -e\QPu,P^v) L2{n) , 

since PQP = Q Q P. Then 

I[[u,v] = (G' 01 u,G[v) L ^ n) , (8.12) 
where G' 01 = -e'iQP, G[ = sip- 1 . By ([673]) and JHJ), we obtain: 

\\G' 01 (S(k,e)P + e 2 Q a )- 1 P\\ L2m ^ L2{n) < ei\\Q\\ Loo (c k 2 + c^ 2 )- 1 < c^Vi (8.13) 
Using (|6.20p . we obtain that 

||G' 1 (A(fc,e)+ £ 2 Q)- 1 || L2(f , ) ^ i2(0) <e^||P i (A(fc,e)+ £ 2 Q)- 1 || L2(0) ^ i2(0) < (8.14) 

<c 3 c~Vi 

By (|4.29p . the form (|8.10p can be written as 

l'{[u,v] = -e 2 (Qt^(k)u,v) L2(n) = (G'^u,G'(v) L2in) , (8.15) 

where G'^ = -stiQ$(k), G" = etil. 
Using (|4~33l) . (jO)) and ((1U), we have 

||G^(5(fc, e)P + e^r^lU^^n) < rf' WQUMcok 2 + cae 2 )- 1 < (8.16) 

-I -3 1 

< C*ic 4 c 4 c 3 4 e 2. 

Next, by (jO]) . 

||G' 1 '(A(fc,e)+e 2 Q)- 1 || L2(0) ^ L2(0) <e^(c fc 2 + c 3 e 2 )- 1 ^co^a^^-i (8.17) 
8.3 The form X 2 

As for the form (jgl)]) . we apply (fOTj) : 

X 2 [«, «] = ((t 2 5P - A 1 (k)F(k))u, v) L2{n) = -i 3 (*(fc) w , v ) i2(0) = (8.18) 
= (Go 2 M, G 2 w)L 2 (n), 

where G 02 = -i*#(fc), G 2 = til. Then, by ([4~34]) and ([O]) we have 

||G 02 (S(fc, e)P + eVr^lkw^Mn) < * f C 2 (c fc 2 + cse 2 )" 1 < (8.19) 

By dHUl), 

||G 2 (A(fc, £ )+ £ 2 Q)- 1 || i2(fi) ^ i2(n) <^(c fc 2 +c 3 e 2 )- 1 ^c^c^e-i (8.20) 
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8.4 The form X 3 

We rewrite the form (18.71) as 



I3, [u, v] = I' 3 [u, v] + 1 4 [u,v], 

where 

= ~(g 2 eD 2 (F(k) - P)u, eD 2 v) L2{n) , 
Zl[u,«] = (g%eD 2 Pu,eD 2 Pv) L2 ( n) - {g 2 eD 2 Pu,eD 2 v) L2{n) . 

For the form (|8.22[) we have 

m^v] = {G 03 u,G 3 v) L2{n) , 

where G 03 = -g 2 e^D 2 {F(k) - P), G 3 = £§£> 2 . 
We represent G03 as 

~ ^ v 
G03 — G03 + G03 + Go3i 

where 

G 03 = -ff 2 ^[ J D 2 ,F(fc)]F(fc), 

G 3 = -32^1^2,^)]^)^, 

G 03 = -g 2 e^(F(k) - P)L> 2 = -g 2 sh<!>(k)D 2 . 
Here we have taken into account. From (|2~Tj) . (|7?T3|) and it follows that 

\\G 03 (S(k, e)P + e 2 Q )~ 1 P\\ L2 (n)^L 2 (n) < 

< lls'slli^e* || [^2, ^(fc)]^(fc)|| i2Cf7) _ i2a2) IKS'Cfc, fr) + £ 2 Q° ) " 1 1 1 i 2 (n) (o) 

< c\s^ C 7 t(c k 2 + c 3 e 2 ) _:L < ciCjc^ e^^ . 
Relations (j2~Tj) , (fTTT^j) and (juT2lj) imply that 



||G 03 (S(fc, £ )P + e 2 Q )~ 1 P\\ L2 (n)^L 2 (n) < 



< 



< Wtoh^e* \\[D 2 ,F(k)]\\ L2{n) ^ L2m \\F(k)^(S(k, e)P + e'Q^P\\ 

< cie^C G CiC 3 ^ e' 1 = ciC 6 dc 3 ~- . 
Finally, from (H]), (EHl)) and (JO) it follows that 

\\G 03 (S(k, e)P + e^V-PlU^H^n) ^ 

< Hfl2|U.E"*t||4(*)|| ' \\eD 2 (S(k,e) + e 2 Q°)- 1 P|U 2( n)^ 2 (o) < 

< cie'^tdc^ (c Q k 2 + c 3 e 2 )~2 < ciGiCQ^-e -5 , 

As a result, relations (|8.25j) - (|8.28p imply that 

\\Go 3 (S(k,e)P + e 2 Q a )- 1 P\\ L2{n) ^ L2m < C 8 e~K 

G 8 = Cl (C 7 c~ K~ 1 + G 6 G 4 c^ + GrCQ- 1 ). 

Next, by (flTTj) and ([^7T2]> . we have 

||G 3 (A(fc,e) +e 2 Q)- 1 ||L 2W ^L 2( o) < |k^ 2 (A(fc, e) +e a Q)- 1 ||i a( n)^i a (n) < 

< c^e^(c k 2 + c 3 £ 2 y^ < c^'c-j" 3 s - s. 
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8.5 The form X 4 

It remains to study the form (|8.23[) . It can be rewritten as 

l 4 [u,v] = (g°eD 2 Pu,eD 2 Pv) L2{n) - (g 2 eD 2 Pu, PeD 2 v) L2[n} ~ (8.31) 
- (g 2 eD 2 Pu, P ± ED 2 v) L2 (ny 

Since Pg 2 P = g 2 P, the first two terms in the right-hand side of (|8 . 3 1 1) compensate each other. Then 

Ii[u,v] = -(g 2 eD 2 Pu,P ± sD 2 v) L2 ( M 2) = (G 4", G 4 u),L 2 (n), (8.32) 

where G04 = —g 2 ei D 2 P, G 4 = P ± D 2 . 
By (J2U), §M and (pl4|) . we have 

\\G oi (S(k,e)P + ^Qo^Phw^n) < \\g2\\L^\\eD 2 (S(k,e)P + e^or'Ph^n^L^n) < 

(8.33) 

< ci£ 2 c 2 (c k +c 3 e A ) 2 <C!C Q 2 c 3 2 e = . 

Next, 

Gi{A(k, e) + e 2 Q)- 1 = eip ± D 2 (A(k, e) + e 2 Q)~ 1 = 

= e^P^[D 2 , (A(k, e) + e 2 Q)~ 1 } + £~^P x (A{k, e) + s 2 Q)- 1 eD 2 . 



The first term on the right can be estimated with the help of (|T. 5[) . and the second one is estimated by 
using (|6.12[) and (|6.17p . As a result, we obtain that 

||G 4 (A(fc,£)+£ 2 Q)- 1 || i2(n) ^ L2(0) <s^C 5 (c k 2 + c 3 e 2 )-^ + e -*C 3 c~* < (8.34) 

< (G 5 c^ +G 3 Co*)£-i 

8.6 Representation of the form X 

Now we summarize the study of the form flH3|)- By l|0|) . JHH), (|8T2| . ([835]) . ([8T8ll . ijlOTj) . ([8^4]) . 
()8.32p . this form is represented as 

TKu] = (G 01 u,G» L2(O ) + (Goi«> G i«)i a (n)+ 

+ {G 2U,G 2 v) L2(n) + (G 03 u,G 3 v) L2{n) + (G 04 u,G 4 v) L2{n) . 

We put © = £2(^5 C 5 ) = (L 2 (£l)) 5 and introduce the operators 

Go : L 2 (Q) — > (5, Go = col{G 01 , G 01 , G02, G03, G04}, 
G : L 2 (fi) -> 0, G = col{Gi, G", G 2 , G 3 , G 4 }, 
DomGo = DomG = {u E L 2 (Q) : D 2 u E L 2 (Q)}. 

The operators Go and G are densely defined, and we have 

d = H 1 ^) C DomGo = DomG, 

and 

2[u, v] = (Gou, Gv)&, u,vEd. (8.35) 
Relations (EH]), ([8TT7]) . (j8T2"0|) , ([830)) . (HTM)) show that the operator G(A(k, e) +e 2 Q)~ 1 is bounded and 

\\G(A(k,e) + e 2 Q)- 1 \\ L2{a) -,0 < C 9 e-K (8.36) 
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where _ ^ _ 

C 9 2 = Cfcg 1 + c 3 c 3 5 + c 3 c 3 3 + c^V + (C 5 c 3 3 + C 3 c 3 ) 2 . (8.37) 

Inequalities (535)1 . (|535]l . (EHD, ([05)1 and (|Q5)l imply that the operator G {S{k, e)P + e 2 Q°y 1 P is 
bounded and 

||G (S(fc, e)P + eVr^lU^H® < Cioe"', (8.38) 

Wllere _i _3 _3 _1 

Cfo = + C?clc % 5 + Cf c % 3 + Cf + c? C Q ^s 1 . (8.39) 

Thus, we have checked that in our case condition 5° of Lemma IT4l is satisfied. 

Applying Lemma [HJ we obtain representation of the form (|8.3j) for the operator (|6.23j) : 

J(k, e) = (A(k, e) + e 2 Q)- 1 P - F(k)(S(k, e) + e 2 Q°y 1 P = (8.40) 
= (G(A(k,e) + e 2 Q)- 1 )*(G Q {S(k,e)P + e 2 Q°)- 1 P). 

Then relations (|Q6|) . (pOSf and ([830)) imply that 

H^fc.eJIUaCnj-iaCn) < C 9 C w e-\ \k\ <t , < s < 1. 

This proves estimate (|6 . 24[) with C = CgCio- 

T/izs completes the proof of Proposition and, with it, of Theorem [JJ Also, this completes the proof 
of Theorem [3] (see Subsection I5.2j) and, thereby (see Subsection 13. 2p , that of Theorem [TJ 



9 Application to the Schrodinger operator with singular peri- 
odic potential 

Homogenization problem for the Schrodinger operator Ti € — —divg(x/e)V + e~ 2 V(K/e) in L 2 (M. d ) with 
coefficients periodic in all directions was studied by a spectral method in Ch. 6, §1 of [BSul], §11 of 
BSu3|, §18 of |BSu4j . Investigation was based on a special factorization for the Schrodinger operator 
(see [KlSlj and §4 of [BSu5] 1. 

Here we apply Theorem 1 to homogenization problem for the Schrodinger operator of the form 

H £ = D 1 g 1 (e- 1 x 1 ,x 2 )D 1 +D 2 g 2 (e~ 1 x 1 ,X2)D 2 +e- 2 V(e- 1 x 1 ,X2) (9.1) 

with metric and potential periodic in x\. The operator H £ contains a large factor e~ 2 standing at 
V(e x%, x 2 ); in this sense the potential is singular. Under some restrictions on the coefficients (potential 
V must admit a certain representation), we obtain approximation for the resolvent (H £ + A/) -1 in the 
operator L2-norm with sharp order error estimate. 



9.1 Conditions on coefficients 

Let gi (x), g 2 (x) be measurable functions in R 2 satisfying the same conditions as g\, g 2 . Namely, let gj, 
j = 1,2, be periodic in x\ with period 1, uniformly bounded and positive definite: 

cb < 5j(x) < ci < 00, j = 1, 2, a. e. x e M 2 . (9.2) 

Also, it is assumed that Ijj are Lipschitz functions with respect to x 2 . 

esssup|<925j(x)| < c 2 < 00, j = 1,2. (9.3) 

x£E 2 

Next, let w(x) be a measurable function in M 2 such that 

< cj < w(x) < ui < 00, a. e. x e R 2 . (9.4) 
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Assume that w(x) is 1-periodic in x\ and Lipschitz class in x 2 : 

esssup|92w(x)| < C3 < 00. (9.5) 
xeR 2 

We put 

V a (x) = (9 . 7) 

Additional assumptions on gi, 32 and uj are formulated in terms of the functions (|9.6[) . (|9.7p . Namely, 
assume that V2 is uniformly bounded: 

|V2(x)|<c 4 , a. e. xel 2 , (9.8) 
and Lipschitz class with respect to x 2 : 

ess sup \d 2 ^2 ( x ) I < c 5 < 00. (9.9) 

x6R 2 

Assume that V(-,x 2 ) S ii(0, 1) for a. e. £2 £ K and 

esssup||V(-,af2)||i 1 (o,i) < c 6 < 00. (9.10) 

Using (|9.2p . (|9.4[) . (|9.6[) and (|9. 10[) . it is easily seen that w(x) is Lipschitz in x\\ 

esssup|9iu;(x)| < C7 = wicjsfc^ 1 + ciCq 2 ) < 00. (9-11) 

xGR 2 

Then, by (|9.4|) . ()9.5|) and (|9.11|) . functions uj and w _1 are multipliers in the Sobolev class H 1 (IR 2 ). 
9.2 Operators A e , A e and H e 

For any measurable function (p(x\,x 2 ) which is 1-periodic in x\, we use the following notation 

cp e (xi,x 2 ) = (p(e~ 1 xi 1 x 2 ). 
In L2(M 2 ), consider the operator A e formally given by the expression 

A e = (w e )- 1 Difff(w e ) 2 Di(w e )- 1 + ( W £ )- 1 £>25l(w E ) 2 £> 2 (a; £ )- 1 . (9.12) 

Obviously, 

A £ = {^)- l A e {^)-\ (9.13) 

where A e is given by 

A e = D x g\ Di + D 2 g e 2 D 2 (9.14) 
(for precise definition of A e , see Section [2]) with the coefficients 

ft (x)=p i (x) W 2 (x) ! j = 1,2. (9.15) 

Due to conditions (19.2p - (19.5|) and periodicity of gj, uj in x\, coefficients (|9.15l) satisfy the required 
conditions f2~T ]H [2~3 |) . 

The precise definition of A £ is given in terms of the quadratic form 

a e [u,u] = / (^IDiCw 8 ) -1 !!^^^^) -1 !*! 9 ) dx, u e i/ 1 (R 2 ). (9.16) 

Jr 2 
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By direct calculations, it is easy to check the following identity: 

a E [u,u]= [ (gf\D lU \ 2 + g%\D 2 u\ 2 + e- 2 V £ \u\ 2 + V?\u\ 2 ) dx, ueH^M 2 ). (9.17) 

Jm. 2 



Now, we introduce the Schrodinger operator H e formally given by (|9.1j) . The precise definition of H e 
is given in terms of the quadratic form 

h e [u,u]= [ (g{\D lU \ 2 +g e 2 \D 2 u\ 2 +e- 2 V e \u\ 2 ) dx, uEH^R 2 ). (9.18) 

Note that conditions (|9.2|) and (|9.10p together with periodicity of coefficients in x\ ensure that the 
form (|9.18p is closed and lower semibounded on domain H 1 (M 2 ) (the same is true for the form in the 
right-hand side of (|9.17|1 ). 

Relations (|9~T7)) and (f9~T%)) mean that 

H e = A E -V£. (9.19) 

9.3 Homogenization for the Schrodinger operator H £ 

From (|9~T9|) and (f9~T3)) it follows that 

H S + \I = A e -V 2 e +XI =(u e )- 1 (A e + Q e x )(oj E )- 1 , Ael, (9.20) 

where 

Q A (x) = (A-l/ 2 (x)V 2 (x). (9.21) 

By (|9.4p and (|9.8p . we have Q\(x) > Xujq — w 2 C4 for a. e. x e R 2 . Assume that A is sufficiently large so 
that 

Xuol -w 2 C4 =: c A > 0. (9.22) 

Due to (f9~4]) , ([53]) . (|9~5)) , ([53)1 . f9~2"2]) and periodicity conditions, the function (|9~2Tj) satishes the same 
conditions as Q (see ([23 ]> -([27T ]) ). We put 

Qa(^) = / Q x (xi,x 2 )dx 1 . (9.23) 



Jo 

Let ^4° be the effective operator corresponding to A e , i. e., 

A° = D 1 g° 1 (x 2 )D 1 + D 2 g° 2 (x 2 )D 2 , (9.24) 

where the coefficients (7°, g 2 are defined according to (|2.10p . (|2.1ip in terms of the coefficients (|9.15l) . 
By Theorem 1, we have 

UA + Qir'-iA^Ql)- 1 ^^^ <C x e. (9.25) 

Here the constant C\ depends only on cq, c\, C2, u>o, u>i, C3, C4, C5 and A. Multiplying operators under 
the norm sign in (|9 . 25[) by w e from both sides and using identity (|9.20p . we arrive at the following result. 

Theorem 15 Let gi, g 2 , u> be measurable functions in R 2 , periodic in x\ with period 1 and satisfying 
conditions \9.2i) - l9lty . Suppose that the functions V, V2 defined by \9. 6\) . \9. 7\ ) satisfy conditions \9. 8\) - 
\9.10\) . Let H £ be the operator in L 2 (M. 2 ) corresponding to the quadratic form H9.18\) . Let A £ be the 
operator fr9.14\ ) with the coefficients \9.15}) , and let A be the corresponding effective operator \9.24 ) with 
coefficients defined according to A2.10\) , 112.11]) . Let Q\ be defined by h9.21)) . and let restriction \9. 22]) be 
satisfied. Let Q° x be given by 1 9. 23]) . Then we have 

||(i? £ +AJ)- 1 -a; e (A + Q A )-V|| i2(a2HL2(K2) <C7 Ae) < e < 1. (9.26) 
Here the constant C\ = u> 2 C\ depends only on cq, Z\, C2, ujq, u)\, S3, C4, C5 and X. 
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Note that the approximate operator in (|9.26|) contains rapidly oscillating factors io e from both sides 
of the operator (A + Q") -1 , but the inverse is taken only for the differential operator A + Q\ with 
constant coefficients. Such kind of results is typical also for the Schrodinger operator with coefficients 
periodic in all directions (see [BSulj . Ch. 6, §1). 

9.4 About representation (19.61 ) 

A natural question is the following. If the initial object is the Schrodinger operator (|9.ip with given 
coefficients g±, g 2 , V, then is it possible to find u> such that representation (|9.6p is true and conditions 
of Theorem 18 are satisfied? 

For a.e. x 2 G K, consider the Schrodinger operator 

H(x 2 ) = D 1 g 1 (x u x 2 )D 1 + V(x 1 ,x 2 ), (9.27) 

acting in L 2 (M) and depending on parameter x 2 . We assume now that g% and V are 1-periodic in X\ and 
satisfy (|9.2p and (|9.10p . Assume also that the bottom of the spectrum of the operator (|9.27|) coincides 
with point A = 0: 

mfspecJJ(x 2 ) = 0. (9.28) 

If initially condition (|9.28|) was not satisfied, it is possible to ensure this condition replacing V(xi,x 2 ) 
by V(xi,x 2 ) — X(x 2 ), where X(x 2 ) — ini spec H (x 2 ) . 

If condition (|9.28|) is satisfied, there exists a positive periodic (in x%) solution u)(x%, x 2 ) of the equation 

Dig 1 (x 1 ,x 2 )D 1 uj(xi,X2) + V(xi,x 2 )uj(x 1 ,X2) = 0. (9.29) 
This solution can be fixed by the condition 

[ u 2 {x l ,x 2 )dx 1 = l. (9.30) 
Jo 

Moreover, this solution satisfies (|9.4p , where ojo, lo\ are controlled in terms of Co, cj., c^. Concerning the 
properties of solution uj, see |KiSij and §4 of |BSu5j . Thus, by (|9.29[> . V satisfies representation (|9.6p . 

Next, it is possible to ensure conditions (|9.5p . (|9.8p and (|9.9p imposing some smoothness assumptions 
on coefficients gj, V with respect to x 2 . It suffices to assume that derivatives d 2 g±, I — 1,2,3, are uni- 
formly bounded, derivatives d l 2 g 2 , I = 1, 2, are uniformly bounded and that the norms V( - , x 2 ) [|l 1 (o,i) , 
I = 1,2, 3, are uniformly bounded. 

Under the above assumptions, all conditions of Theorem 18 are satisfied. 

10 Generalization of the main results for the case of arbitrary 
dimension 

10.1 Generalization of Theorem 1 

One can study an analog of the operator A £ in L 2 (R d ) with d = d\ + d 2 > 2, di,d 2 > 1. We use the 
notation x = (x',x"), x' e R dl , x" e M d2 , D x , = -iV X ', D^, = -idiv x /, and similarly for D x », D*„. 
Let gi(x) = <7i(x',x") be a (d\ x (ii)-matrix- valued measurable function and g 2 (x.) = g 2 (x.',x") be a 
(d 2 x d 2 ) -matrix- valued measurable function in M. d . Assume that gi(x), g 2 {x) are bounded and positive 
definite: 

cold! < 3i(x) < cil dl , co l,i 2 < 02 (x) < cil d2 , < c < ci < oo, a. e. x E R d . (10.1) 

Assume also that <7i(x), g 2 (x) are periodic in x' with respect to some lattice T C M. dl , and that g±, g 2 
are Lipschitz class with respect to x": 

esssup|D x //5j(x)| < c 2 < oo, j — 1,2. (10-2) 

xSR d 
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In L 2 (R d ), consider the operator A e formally given by the differential expression 

A e = D*, 5 i(^ 1 x / ,x")D x /+D*„ 5 i(£- 1 x',x")D x » ) e > 0. (10.3) 
Precisely, A £ is a selfadjoint operator in L 2 (R d ) corresponding to the quadratic form 

a e [u,u] = [ ((<?! (e-^.x") D x m,D x ,u) cdl + (<? 2 (e-^x") D x „u,D x „u) c<i2 ) dx, u e H 1 ^). 

(10.4) 

Let Q(x) = Q(x',x") be a real- valued measurable function in M. d such that 

< c 3 < Q(x) < c 4 < oo, a. e. x e M d . (10.5) 
Assume that Q(x) is T-periodic in x', and that 

esssup|D x »<3(x)| < c 5 < oo. (10.6) 

xeR d 

We put 

Q £ (x',x")-Q(e" 1 x',x"). (10.7) 

For the generalized resolvent (A £ + Q e ) _1 , the analog of Theorem[T]is true. The effective operator 
A corresponds to the differential expression 

A" = D x ,<7?(x")D x , + D x ,, 92 °(x")D x ». (10.8) 

Here the effective coefficients ^(x"), g 2 (x") arc defined as follows. Let f2' be an elementary cell of the 
lattice T C M dl . Then 

52 °(x") = ^ f g 2 (x',x")dx'. (10.9) 

The matrix gQ(x") is the effective matrix corresponding to the elliptic operator D*,gi(x', x")D X ' in 
L 2 (R dl ). Recall the definition of g®. Let ei,.. . , be the standard orthonormal basis in C dl , and let 
$j(x) be a F-periodic (in x') solution of the equation 

div x / ff i(x / ,x ,/ )(V Jt /$ i (x , ,x") + ei ) = 0, 

j = 1, . . . , di. Here x" is a parameter. Then g®(x") is a (di x di)-matrix with the columns 

gj (x") = \n'- 1 I g 1 (x\x")(V x ,$ j (x' > x") + e j )dx\ j = l,...,d 1 . (10.10) 
Jq' 

Note that for di = 1 relation (|10.10|) is equivalent to (|2~T0|) . 
Finally, let 

Q°(x") = \n'- 1 f Q(x',x")dx'. (10.11) 

J Q' 

The following result can be proved by analogy with the proof of Theorem [TJ 

Theorem 16 Let d = di+d 2 > 2, di,d 2 > 1. Let <?i(x) and g 2 {x) be measurable matrix-valued functions 
in M. d (of sizes di x di and d 2 x d 2 correspondingly). Suppose that gi,g2 are Y -periodic in x' and satisfy 
conditions UP. M0.2\) . Let A £ be the operator in L 2 (R d ) corresponding to the form J_?0.^[ ). Let Q(x) 
oe a measurable function in R d , T -periodic in x' and satisfying conditions U0.5\) , U0.6\) . Let Q £ (x) be 
defined by \10. 7| ). Let A be the operator U0.8\) . where the coefficients g®, <? 2 are defined by \10.10\) and 
\10.9)) respectively. Let Q° be defined by hlO.ll]) . Then we have 

WiAe + Q')- 1 -(A° + Q°)- 1 \\ L2m ^ L2m <Ce, < e < 1, (10.12) 

where the constant C depends only on Cj, j — 0, 5, and on parameters of the lattice T. 
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10.2 Generalization of Theorem 18 

Let gj(x), j = 1,2, be measurable matrix- valued functions in R d satisfying the same conditions as §j. 
Namely, we assume that g*j, j — 1, 2, are F-periodic in x', bounded and positive definite: 

cold! < 3i( x ) < cilrfi, c Q l d2 < # 2 (x) < cild 2 , < c < ci < oo, a. e. x e M. d . (10.13) 

Assume also that <?i (x), g 2 (x) are Lipschitz with respect to x": 

esssup|D x //<?.,-(x)| < c 2 < 00, j = 1,2. (10.14) 

Next, let w(x) be a measurable function in R d such that 

< uj q < lo(x) < uji < 00, a. e. x e R d . (10.15) 
Assume that w(x) is F-periodic in x' and Lipschitz class in x": 



We put 



esssup|D x »w(x)| < C3 < 00. (10.16) 

xSR 2 

= _D;,fr(x)D x ,q,(x) 
w(x) 

y D x ^(x)D x ^(x) ^ 
w(x) 

Additional assumptions on gi, g 2 and w are formulated in terms of the functions (jTOTTTJ) , (|10. 18|) . Namely, 
assume that V 2 is uniformly bounded: 

I V 2 (x) I < c 4 , a. e. xeJR d , (10.19) 
and Lipschitz class with respect to x": 

esssup|D x »V 2 (x)| < c 5 < 00. (10.20) 

x£R 2 

Assume that V(-,x") e L p (fl') for a. c. x" e R d2 , where p = 1 for di = 1 and 2p > di for di > 2, and 



We put 



esssup||FO,x")|U p( n') < c 6 < 00. (10.21) 

x"eR d 2 



ft (x)=3 J (x)o; 2 (x) ) j = l,2, (10.22) 
Q A (x) = (A-F 2 (x)V 2 (x), (10.23) 

Q° x (x") = \n'- 1 [ Q A (x',x")dx'. (10.24) 



Suppose that A is such that 



XujI - Ljfc 4 > 0. (10.25) 
For any T-periodic (in x') function ip, we use the notation 

^(x) = ^(e- 1 x' ) x"). 

In L 2 (R d ), consider the Schrodinger operator 

H £ = D*,fffD v + DJ„?ID X . + £ -V £ . (10.26) 

28 



The precise definition of H £ is given in terms of the quadratic form 

h e [u,u] = [ ((5fD x m,D x m) cil + (glD x „u,D x «u) cd2 +e- 2 V £ \u\ 2 ) dx, u £ H 1 ^). (10.27) 

The following result can be deduced from Theorem 19 similarly to deduction of Theorem 18 from 
Theorem 1. 

Theorem 17 Let gi, ~gi, w be measurable functions in M. d , periodic in x' with respect to the lattice T 
and satisfying conditions il0.13\) - \10.1&\) . Suppose that the functions V , V2 defined by {10.11^ , UP. 18)) 
satisfy conditions \10.19}) - il0.21}) . Let H £ be the operator in L2(M. d ) corresponding to the quadratic 
form \10.27\ ). Let A e be the operator hlO.cfy with the coefficients hlU. 22\) . and let A be the corresponding 
effective operator hi 0.8]) with coefficients defined according to \10.9)) , ilU.10]) . Let Q\ be defined by 
\10. 23]) . and let restriction \10. 25\) be satisfied. Let Ql be given by \10.2J$ . Then we have 

Wi^ + xiy 1 -^(A° + g^)- 1 ^|| i2(R£i) ^ i2(K , ) <c A£ , o< £ <i. (10.28) 

Here the constant C\ depends only onco, c\, Z2, too, coi, C3, C4, C5, A and parameters of the lattice T. 

Similarly to Subsection 10.4, it is possible to give sufficient conditions on g±, g2, V, which ensure 
representation (|10. 17|) and conditions of Theorem 20. For this, consider the Schrodinger operator 

iT(x") = D*,^', x")D x , + e- 2 V(x', x"), (10.29) 

acting in L2(M. dl ) and depending on parameter x" £ M d2 . Assume that gj, V are T-periodic in x' and 
satisfy (|10.13|) and (|10.21|) . Assume also that the bottom of the spectrum of the operator (|10.29|) coincides 
with point A = 0: 

inf speciJ(x") = 0, a. e. x" £ R d2 . (10.30) 
If condition (|10.30p is satisfied, there exists a positive periodic (in x') solution w(x', x") of the equation 

D*,g 1 (x', x")D x ^(x', x") + F(x', x'>(x', x") = 0. (10.31) 

This solution can be fixed by the condition 

/ w 2 (x',x")dx' = |fi'|. (10.32) 
Jfi' 

Moreover, this solution satisfies (|10.15p . where ujq, uji are controlled in terms of Co, ci, cq. Concerning 
the properties of solution u>, see KiSIj and §4 of [BSu5j. By (|10.31|) . representation (|10. 17|) is true. 

Next, it is possible to ensure conditions ()10.16|) . (110. 19|) and (|10.20|) imposing some smoothness 
assumptions on coefficients g,j, V with respect to x". It suffices to assume that derivatives D^„gi, 
\a\ < 3, are uniformly bounded, derivatives D^,,])2, \ct\ < 2, are uniformly bounded and that the norms 
\\D%,V(-,x.")\\ Lp (w), \a\ < 3, are uniformly bounded. 

Under the above assumptions, all conditions of Theorem 20 are satisfied. 
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